The paper develops a novel realized stochastic volatility model of asset returns and realized volatility that incorporates general asymmetry and long memory (hereafter the RSV-GALM model). The contribution of the paper ties in with Robert Basmann's seminal work in terms of the estimation of highly non-linear model specifications ("Causality tests and observationally equivalent representations of econometric models", Journal of Econometrics, 1988), especially for specifying causal effects from returns to future volatility. This paper discusses asymptotic results of a Whittle likelihood estimator for the RSV-GALM model and a test for general asymmetry, and analyses the finite sample properties. The paper also develops an approach to obtain volatility estimates and out-of-sample forecasts. Using high frequency data for three US financial assets, the new model is estimated and evaluated. The paper compares the forecasting performance of the new model with a realized conditional volatility model.
Introduction
Over the past two decades, realized measures of volatility have received unprecedented attention in the academic literature on modeling and forecasting of stock market returns volatility. In the traditional literature on generalized autoregressive conditional heteroskedasticity (GARCH) models, Engle and Gallo (2006) and Shephard and Sheppard (2010) , among others, incorporated realized measures for modeling and forecasting volatility. In addition, Hansen, Huang, and Shek (2012) suggested the realized GARCH framework, which provides a structure for the joint modeling of returns and realized measures of volatility (see also Hansen and Huang (2016) ).
Turning to the literature on stochastic volatility (SV), realized measures of volatility are used as realized values of unobservable volatilities. However, even though we can obtain a consistent estimator of true volatility, there are non-negligible differences that are referred to as the 'realized volatility error' (see Barndorff-Nielsen and Shephard (2002) ). For removing the estimation bias caused by the realized volatility error in estimating stochastic volatility (SV) models, BarndorffNielsen and Shephard (2002) , Bollerslev and Zhou (2002) , Takahashi, Omori and Watanabe (2009), and Asai, McAleer and Medeiros (2012a,b) showed that it is useful to use an ad hoc approach that accommodates an error term with constant variance. As in the realized GARCH model, Takahashi, Omori and Watanabe (2009) suggested a specification based on daily returns and a realized volatility measure simultaneously, which we will call the 'realized SV' (RSV) model.
As in the GARCH literature, it is important to accommodate asymmetric effects, long memory, and heavy-tails in SV models. For asymmetric effects, it is popular to consider the negative correlation between returns and future volatility in the specification, which is the leverage effect (see Hull and White (1987) , Wiggins (1987) , Chesney and Scott (1989) , Harvey and Shephard (1996) , and Yu (2005) , among others). As an extension, Asai and McAleer (2011) suggested a general asymmetric model by adding the size effect based on the specification of the exponential is to assume a heavy-tailed distribution, such as Student's t distribution or a generalized error distribution (GED). Following Harvey, Ruiz, and Shephard (1994) , Sandmann and Koopman (1998) , Liesenfeld and Jung (2000) , and Asai (2008 Asai ( , 2009 ) estimated SV models with the (standardized) t distribution. Liesenfeld and Jung (2000) and Asai (2009) compared both distributions, and found that the t distribution fits generally better than GED.
In the literature of RSV models, Takahashi, Omori and Watanabe (2009) considered the basic SV model without asymmetric effects, long memory, or fat-tails. Koopman and Scharth (2013) accommodated leverage effects and the sum of AR(1) processes to capture longer persistence.
Recently, Shirota, Hizu, and Omori (2014) suggested the RSV model with leverage, long memory, and heavy-tails. For estimating their RSV model, Shirota, Hizu, and Omori (2014) used the Bayesian Markov chain Monte Carlo (MCMC) technique. There is room for improving the specification of asymmetric effects, and to develop a frequentest approach for estimation and forecasting volatility.
The purpose of the paper is to extend the work of Shirota, Hizu, and Omori (2014) by accommodating a general asymmetric function for volatility. This paper is closely related to Basmann (1988) for considering causality for future volatility (see also Chang and McAleer (2017) ). Applying discussion of Basmann (1988), we develop a reduced form for the RSV model with respect to the general asymmetric function. The reduced form enables use of the Whittle likelihood estimator with asymptotic results, and to conduct a test of general asymmetry. With the first step estimate, we can extract the asymmetric function with an artificial regression. We also extend the approach of Harvey (1998) for estimation and forecasting latent volatility.
The remainder of the paper is organized as follows. Section 2 develops the new RSV-GALM model using a general asymmetric function, and derives a reduced form with respect to the asymmetric effects. Section 3 suggests a two step estimator, consisting of the Whittle likelihood estima-tion of the reduced form and the artificial regression for the asymmetric function. We show that the first step estimator has the asymptotic normal distribution, and consider a test for general asymmetry which has an asymptotic chi-squared distribution. Section 3 investigates the finite sample performance of the estimator and test statistic, and develop an approach to estimate and forecast volatility by extending the method of Harvey (1998) . Section 4 provides an empirical example for three stocks traded on the New York Stock Exchange. Section 5 gives some concluding remarks.
Realized Stochastic Volatility Model with Asymmetry and Long Memory

Model and News Impact Function
Let y t and x t be returns and the logarithm of a realized measure of volatility, respectively. Consider the following structure:
where h t is the unobservable log-volatility, τ (ε) is an asymmetric function (to be defined later), are distinct, and they are located outside the unit circle, in order to satisfy the stationary and invertibility conditions, respectively.
By the specification, the unobservable log-volatility, h t , follows the autoregressive fractionally integrated moving average (ARFIMA) process of order (p, d, q) . For observed series, y t follows the stochastic volatility model with a heavy-tailed distribution, as ε t follows the standardized t distribution with the degrees-of-freedom parameter, ν (ν > 2). Furthermore, x t is specified as logvolatility plus a noise process. The asymmetric function, τ (ε), will be specified to capture a general effect from a standardized return to one-step-ahead log-volatility. For this paper, the model given in (1)-(4) will be called the 'realized stochastic volatility model with general asymmetry and long memory' (RSV-GALM).
As given in Hansen, Huang and Shek (2012) , the asymmetric function is constructed by the Hermite polynomials:
where
The condition 2r < ν is required for the existence of the variance of ξ t . The RSV-GALM model reduces to the RSV model of Shirota, Hizu, and Omori (2013) by setting τ j = 0 (j ≥ 2). We will refer to the latter model as 'RSV-ALM' in order to distinguish it from the general model.
The asymmetric function (5) allows a flexible pattern for the relationship between returns and future volatility. For the case r = 2, we obtain τ (ε) = τ 1 ε + τ 2 (ε 2 − 1), and equation (4) with τ 1 < 0 and τ 2 > 0 enables the RSV-GALM model to accommodate asymmetric effects based on the empirical findings in Chen and Ghysels (2010) . Their findings indicate that a negative shock in returns tends to produce a larger future volatility than a positive shock in returns, and that a small positive shock often decreases volatility. Figure 2 illustrates an empirical example of the asymmetric effect from returns, y, to its one-step-ahead volatility,σ 2 t+1 (y), using the news impact function (NIF) of log-volatility (see Yu (2005) , Asai and McAleer (2009)) , where the log ofσ 2 t+1 (y) is defined by: Figure 2 captures the empirical results of Chen and Ghysels (2010) .
Asymmetric Function and Observationally Equivalent Representation
As noted in Scott (1987) and Harvey, Ruiz, and Shephard (1994) , it is useful to take a logarithm of the squared (or absolute) returns. Define
. By the transformation, we obtain y † t = (h t − μ) + ζ t , where ζ t = log ε 2 t − E(log ε 2 t ). As in Harvey, Ruiz, and Shephard (1994) , it is straightforward to show E(log ε 2 t ) = 
where u t = (e t , ζ t , ξ t ) , and
Moreover, the mean and covariance matrix of u t are given, respectively, by:
and x is the floor function, which gives the greatest integer less than or equal to x. The values of σ 2 ξ and σ ζξ are finite if r < ν/2 (see Appendix A.1 for the derivation of E[ε r t log ε 2 t ]).
As discussed in Harvey and Shephard (1996) , the information regarding the sign of ε t is lost by the transformation of y t . Under the assumption that ε t has the standardized t distribution, σ ζξ excludes the effects of the Hermite polynomials of the odd numbers. Unlike the simple asymmetric SV model of Harvey and Shephard (1996) , the general asymmetric function (5) with r ≥ 2 produces non-zero σ ζξ .
In order to consider the causality from y t to exp(h t+1 ), we return to the important concept of the 'observationally equivalent representation' of Basmann (1988) for causality analysis. Basmann (1988) uses a structural vector autoregression (SVAR) model, which has its reduced form derived by multiplying a matrix for normalization. Basmann (1988) shows that a causal relationship will change, depending on the choice of the matrix, which is an example of the problems associated with observationally equivalent representations. For this problem, estimation of the SVAR model requires imposing restrictions, as discussed in Waggoner and Zha (2003) .
For the RSV-GALM model, the observationally equivalent representation regarding the asymmetric effect is given by (7). The parameters (σ 2 e , σ 2 ξ , σ ζξ ) are determined by ν, σ 2 η , and (τ 1 , . . . , τ r ).
Among them, σ 2 e is uniquely determined by ν, and vice-versa. On the contrary, it is not possible to identify (τ 1 , . . . , τ r ) and σ 2 η from the information of σ 2 ξ and σ ζξ with ν. For example, if r = 2, we obtain:
Given the structure, ν and τ 2 are identified by (σ 2 ζ , σ ζξ ), but it is not possible to separate τ 2 1 + σ 2 η from the information of (σ 2 e , σ 2 ξ , σ ζξ ). In this sense, we may call the representation (7) as the 'reduced form' of the asymmetric function. In general, σ ζξ = 0 implies that the asymmetric function is specified as τ ( ) = 0 or τ ( ) = τ 1 ε. In the next section, we will develop the test for general asymmetry, σ ζξ = 0.
The selection of the order, r, of the asymmetric function (5) requires knowledge of ν, which is unknown a priori. Hence, an important feature of the reduced form (7) is that we can handle the model without knowledge of r. Rather than the estimation of a restricted model, the paper considers extracting the asymmetric function after estimating the reduced form (7), and uses the estimated asymmetric function for forecasting volatility. These issues will be discussed in the next section.
Estimation and Forecasting
Whittle Likelihood Estimation
We use the limiting theory of Hosoya (1997) to show the asymptotic property of the Whittle likelihood estimator for the reduced form (7) of the RSV-GALM model. As Hosoya (1997) considers a vector long memory process, which allows differences in the dimensions of the observed series and disturbances, we can directly check the conditions given in Hosoya (1997) .
be the vector of parameters. By the specification, the process {v t } in (7) is a second-order stationary process and has a spectral density
G j e iωj , which yields:
with
The (1,1)-element of f (ω) is the spectral density of x t , which can be interpreted as the conventional signal plus noise process. The (2,2)-element of f (ω) is the spectral density of log y 2 t , and it is the same as that derived in Zaffaroni (2009) . The off-diagonal elements are the cross-spectral densities of x t and log y 2 t .
Let I n (v, ω) is the periodogram matrix defined by:
where w n (ω) is the finite Fourier transform defined by:
For the purpose of deriving the quasi-likelihood function, we will treat the process v(t) as Gaussian.
Choose the frequencies ω j , j = 1, . . . , n, equi-spaced in the region (−π, π] in such a way that f (ω) is continuous at ω = ω j Then the finite Fourier transform w n (ω j ), j = 1, . . . , n, will have a complex-valued multivariate normal distribution which, for large n, is approximately independent, each with probability density function given by:
As w n (ω j ), j = 1, . . . , n, constitutes a sufficient statistic for δ, an approximate log-likelihood function of δ based on {v 1 , . . . , v n } is, excluding the constant term, given by:
In integral form, the equation (10) has the expression:
The functionL n (δ) is called the quasi-log-likelihood function. The approximation was originally proposed by Whittle (1952) for scalar-valued stationary processes (see also Dunsmuir and Hannan (1976) , Taniguchi and Kakizawa (2000) ). Define the QML estimator,δ n , which is obtained by minimizing −L n (δ). In practice, we use the discrete quasi-log-likelihood (10) with frequency ω j = 2πj/n (j = 1, . . . , n/2 ), for the symmetry of the Fourier transform, as in the usual empirical analysis.
Following Hosoya (1997) , define the quantity:
Noting that detf (ω; δ) = 1 2π
is measurable with respect to δ almost everywhere ω. Denote W as the matrix of derivatives,
By checking the conditions of Hosoya (1997) , we can obtain the asymptotic results of the QML estimator. Let the QML estimator,δ n ∈ Θ, a compact parameter space and the true parameter vector, δ 0 , be in the interior of the parameter space, and add a technical assumption that K jl (ω) = 0 for ω = 0 in equation (9). Example 3.1 in Hosoya (1996) uses the assumptions, and the latter assumption has no effect on maximizing the discrete quasi-log-likelihood (10) with
]). Applying the approach to prove Theorem 2 in Chan and
Tsai (2008) and Theorem 1 in Tsai, Rachinger, and Lin (2015), we can verify Assumptions A, C, and D of Hosoya (1997) to show the consistency and asymptotic normality of the QML estimator, in order to obtain:
where U is the matrix with (j, l)th element represented as:
with C abcd is the fourth cumulant of the element of
Those cumulants exist if r < ν/4 (see Appendix A.2). As the first element of u t , namely, e t , follows the independent normal distribution, C abcd = 0 if at least one of (a, b, c, d ) is one.
Although U jl defined by Theorem 2.2 in Hosoya (1997) is based on the fourth-order spectral density, it can be simplified as in (13) 
, and is equal to zero otherwise, it can be verified by the structure of the
and so it satisfies the so-called 'innovation-free specification' of Assumption E of Hosoya (1997) , yielding (14) (see also Assumption 5.3.7 of Taniguchi and Kakizawa (2000)).
Before estimation of the general asymmetric function, we consider a test for general asymmetry of the null hypothesis:
The likelihood ratio (LR) statistic is defined by: (2000)).
Forecasting with the Asymmetric Function
Using the QML estimates above, this paper suggests a method of extracting the asymmetric function (5) and use it to forecast volatility. For this purpose, we consider the minimum mean square linear estimator (MMSLE) of h t , by extending the work of Harvey (1998) for a long memory SV model. Second, we obtain the estimate of ξ t to construct an auxiliary regression for (5). Finally, we suggest an approach for forecasting volatility with the estimated asymmetric function.
. . , e n ) , and ζ = (ζ 1 , . . . , ζ n ) on (7). Using h explicitly, the vector form of (7) is given by:
where 1 n is an n × 1 vector of ones. Then, we obtain the MMSLE of h as:
where and the MMSLE reduces to that obtained in Harvey (1998) . As μ and μ log y 2 are unknown, we need to estimate them using the sample mean. Harvey (1998) recommends using the volatility estimate:
t , andỹ t = y t exp(−h t /2) are the heteroskedasticity-corrected observations.
Before extracting the asymmetric function, consider the AR(∞) representation of the latent log-volatility as:
As in Hosking (1981) , we can approximate:
with some large P . Denote the pre-sample data with size J as . Then, we obtain the estimates of ξ t as:
in order to construct an auxiliary regression:
Note that the maximum value of r must satisfy the condition that r max ≤ ν/4 for the fourth cumulants used in the covariance matrix in equation (12). We can estimate the parameters via the conventional ordinary least squares method.
After estimating the asymmetric function, we can obtain l-step-ahead forecast of log-volatility by:ĥ
whereĥ n+l|n =h n+l for l ≤ 0, and 1 {l=1} is the indicator function, which takes one when l = 1 and zero otherwise.
Monte Carlo Experiments
Simulation experiments were conducted in order to assess the performance of the two step estimator for the RSV-GALM model, and the quasi-likelihood ratio test of the general asymmetry.
We consider the RSV-GALM (1, d, 0) with r = 2, that is, the second-order specification for the asymmetric function (5). For the two step estimator, the parameter values are specified as: in the following way. First, the long memory parameter and autoregressive parameter (d, φ) were selected such that the first-order autocorrelation function of h t is 0.95. Second, the parameters (ν, τ 1 , τ 2 , σ η ) were chosen so that V (h t ) = 0.5 for DGP1, and 0.7 for DGP2. Third, μ was selected for the variance of y t to take one, that is, exp(μ + 0.5V (h t )) = 1. Finally, σ e was chosen so that σ e / V (h t ) = 0.5 for DGP1, and 1 for DGP2. For each parameter vector, we generated a sample of size T = 2048, and estimated the RSV-GALM model with r = 2 using the two step estimator. The number of replications is 2000. Next, we examine the finite sample performance of the quasi-likelihood ratio test for general asymmetry with null hypothesis σ ζξ = 0. For this purpose, we modify the parameter settings of (τ 2 , σ η ) in DGP1 and DGP2, in order to specify ρ ζξ = 0, 0.1, 0.3, keeping the remaining conditions the same. Table 2 gives the new parameters, and corresponding rejection frequencies at the 5 percent significance level. 
Empirical Analysis
Data and Preliminary Analysis
We estimate the RMESV-ALM model using daily returns and realized volatilities for three major (2017)). The estimator gives a consistent estimator of the integrated covariance matrix, and is robust to microstructure noise and jumps.
We also calculate the corresponding returns for the three assets. Following the methodology of Aït-Sahalia and Jacod (2012), we obtained the 'robust' returns by removing the jump and noise components. Although the realized kernel estimator of Barndorff-Nielsen et al. (2008) is consistent and robust to microstructure noise and jumps, we use the PTRV estimator for disentangling these components on volatility and returns simultaneously. We denote robust returns and log of PTRV as y t and x t , respectively. The sample period is from July 2, 1998 to October 26, 2012, giving 3548 observations. Figure 1 shows the time series plot of the PTRV estimator. We divide the sample into three parts, with sizes 1000, 2048, and 500. We use the second n = 2048 observations for estimating the parameters in the first step, while the first J = 1000 observations are used as a pre-sample for estimating {h t } and the parameters in the second step. We preserve the last F = 500 observations for forecasting. The second period is from July 1, 2002 to October 13, 2010, covering the period of the global financial crisis, as shown in Figure 1 . Table 3 presents the descriptive statistics of the returns and log-volatilities. The empirical distribution of the returns is highly leptokurtic, and is skewed to the left. Compared with the returns series, the distribution of log-volatility is closer to the normal distribution, but it is skewed to the right, and the kurtosis exceeds three. It should be noted that it is straightforward to verify that ξ t in the RSV-GALM model with r ≥ 2 can describe the heavy-tails and skewness to the right.
For a benchmark model, we consider the realized EGARCH model of Hansen and Huang (2016) . By accommodating heavy-tails, the model is given by equation (1) and:
Although the disturbance in h t+1 equation is predetermined, unlike the RSV models, the disturbance of x t is expected to cover the difference. The structure of the realized EGARCH model implies that there is an instantaneous asymmetric relationship between y t and x t , which is not considered in the RSV models. On the other hand, the realized EGARCH model misses the long memory in this specification. As examined in Hansen and Huang (2016) , the specification gives a better fit than the realized GARCH model of Hansen, Huang, and Shek (2012) . The density function of the standardized t distribution is given by:
As in the conventional ARCH family, we can estimate the model via maximum likelihood (ML) estimation.
It should be noted that the realized EGARCH model uses the level and squares of the standardized shock, ε t , whereas the standard EGARCH model of Nelson (1991) uses the levels and absolute values of the standardized shocks. Table 4 shows the ML estimates of the realized EGARCH model. All the estimated parameters are significant at the five percent level. The estimates of ν indicate that the standardized t distribution is better than the normal distribution. For the specification of h t+1 , we observe that φ is close to 0.98 as in the conventional EGARCH specification. While the estimates of τ 1 are negative, those of τ 2 are positive. As in the results of Hansen and Huang (2016) , τ 0 is positive.
For the model of x t , ϕ 2 is close to one and ϕ 1 is close to minus one. Although (ϕ 1 , ϕ 2 ) = (0, 1) is expected by theory, there are significant differences. The estimates of σ e lie in the range (0.37,0.43). For the simultaneous asymmetric effects between y t and x t , the estimates of λ 1 are negative, and those of λ 2 are positive. These results support the empirical analysis of Hansen and Huang (2016) .
Empirical Results
We estimate the RSV-GALM model, and compare its one-step-ahead forecasts with those of the realized EGARCH model. Table 5 (a) presents the QML estimates for the first step. For estimating the asymptotic covariance matrix of the QML estimator, we use the simulated fourth cumulants given in Table 6 , which will be explained below. The estimates of d lie in the range (0.47,0.49), and are significant at the five percent level, showing that long memory in volatility improves the in-sample performance.
For the general asymmetry, we test the null hypothesis, ρ ζξ = 0. Both the t test and QLR test reject the null hypothesis for AA and IBM, while the null hypothesis is not rejected for BAC.
Compared with the estimates of the realized EGARCH model, the estimates of σ e are smaller, implying that the systematic variation of x t explained by the RSV-GALM model is larger than for the realized EGARCH model. Table 5 (b) shows the results of the second step estimator. In the second step, we use the maximum number of r as r max = min(5, 0.25ν ), and select the optimal order of the general asymmetric function by choosing the maximum number of j, of which τ j is significant at the five percent level. While r max is 3 for AA, and 5 for BAC and IBM, the optimal r is 2 for AA and IBM, and 1 for BAC. The result for BAC corresponds to the above QLR test. Figure 2 shows the news impact function for these three datasets.
Using the estimates in Table 5 (b), we generated a random sample of (ε t , η t ) with size of 1000000, in order to obtain the fourth cumulants of (ζ t , ξ t ), and estimated W −1 U (W * ) −1 in equation (12) via numerical derivation and integration. The standard errors are given in the parentheses in Table 5 (a).
For the RSV-GALM (r ≥ 2) and RSV-ALM (r = 1) models, we examine the performance of the out-of-sample forecasts using the root mean squared forecast error (RMSFE) and the Diebold and Mariano (1995) test for equal forecast accuracy. The benchmark model is the realized EGARCH model. We use x n+l (l = 1, . . . , F )as the proxy of the true log-volatility. Fixing the sample size at 2048 as the rolling window, we re-estimated the model and computed one step ahead forecasts of log-volatility for the last 500 days. RMSFE is defined as:
wherex n+l|n+l−1 =ĥ n+l|n+l−1 for the RSV model, andx n+l|n+l−1 =φ 1 + ϕ 2ĥn+l|n+l−1 for the realized EGARCH model As above, we select the optimal r for each time to obtain the one step ahead forecast. Table 7 shows that the RSV-GALM model produces the smallest RMSFE for all three datasets.
The results of the Diebold and Mariano (1995) test indicate that the forecasts of the RSV-GALM model are significantly different from those of the remaining two models.
For each time predicting x n+l , we select optimal r. Table 8 presents the frequencies of the selected r in forecasting the RSV-GALM model. The frequencies for selecting r = 2 is highest for all three datasets, while the frequencies where a higher r is selected are not negligible. For all three assets, r = 0 is not selected. Figure 3 shows the changes in the optimal r. The first half of the trajectory for AA is relatively calm and r = 2 is sufficient, while the latter period fluctuates from one to four. For BAC, there is a tendency that r = 1 or 2 are selected at the beginning, but with fluctuations for most of the forecasting period. There is a calm period in the middle for IBM. Table 8 also gives the correlation coefficients between exp(0.5x t ) and r, showing a weak negative correlation. The result implies that there is a weak tendency to select small r when volatility is large. A more extensive analysis for choosing an optimal value of r requires further research.
Conclusion
In the framework of realized stochastic volatility, this paper developed general asymmetry, long memory, and fat-tails, in order to construct the RSV-GALM model. The general symmetric function allows the model to describe flexible asymmetric patterns, corresponding to recent empirical findings. This paper derives the reduced form of the RSV-GALM model, and suggested Whittle likelihood estimation of the model, and developed a test for general asymmetry.
This paper also gives the asymptotic results of the estimator. As the second step, this paper developed an artificial regression for estimating the the general asymmetric function. The paper gives an approach to obtain estimates and forecasts of the RSV-GALM model. The empirical results based on the three financial assets from the US market indicate that the new RSV-GALM model outperforms existing models in forecasting volatility.
The new RSV-GALM model opens the possibility for many interesting research directions.
First, we may include a simultaneous asymmetric effect between returns and a realized measure of volatility, as in Hansen and Huang (2016) . Second, we may consider multiple realized measures of volatility for improving forecasts, as in Engle and Gallo (2006) . Third, we may develop a timevarying structure of the asymmetric function, based on the empirical results. These issues require considerable further research.
Appendix
A.1 Derivation of E(ε Ö log ε 2 )
In the Appendix, we omit the subscript t for random variables, when it is redundant. Noting that
by equation (26.4.36) in Abramovits and Stegun (1970) .
If r is an odd number, it is straightforward to show that E(ε r log ε 2 ) = 0. For an even number r = 2R, we obtain:
where T = z/ κ/ν follows the Student t distribution with degrees-of-freedom parameter, ν. It is straightforward to show that:
By using equation (26.4.36) in Abramovits and Stegun (1970) , we obtain:
As a result, if r is even, it follows that:
It is straightforward to show that E(ε r log ε 2 ) → E(z r log z 2 ) as ν → ∞.
For the existence of σ 2 ξ and σ ζξ in equation (7), it is sufficient to guarantee E(ε 2r ) < ∞ and
A.2 Fourth Moments of u Ø
Appendix A.2 examines the conditions for the existence of fourth moments of u t . As discussed in the main text, the normal random variables, e t and η t , have all finite moments, and so it is sufficient to check the conditions for E(ζ 4 ), E(ζ 3 ξ), E(ζ 2 ξ 2 ), E(ζξ 3 ), and E(ξ 4 ).
For the fourth moment of ζ, we decompose ζ as ζ = z * − κ * , where z * = log z 2 − E(log z 2 ) and κ * = log κ − E(log κ). By definition, it is straightforward to verify E(ζ 4 ) = E(z * 4 ) + 6E(z * 2 )E(κ * 2 ) + E(κ * 4 ). From equation (26.4.36) in Abramovits and Stegun (1970) , which gives the kurtosis of z * and κ * , we obtain:
where ψ (3) (z) = d 3 ψ(z)/dz 3 is the penta gamma function. As ν > 2 by equation (1), E(ζ 4 ) is finite.
If ν > 4r, we can show that E(ε 4r ) < ∞, by the property of thet distribution, which guarantees
Noting that E(ζξ 3 ) = E(ξ 3 log ε 2 ) − E(ξ 3 )E(log ε 2 ), we can show E(ξ 3 log ε 2 ), E(log ε 2 ) and E(ξ 3 ) are finite using the results in Appendix A.1 and the property of the t distribution, if 3r < ν.
Similarly, we can show that E(ζ 2 ξ 2 ) and E(ξζ 3 ) are finite, if 4r < ν.
Overall, the conditions for the existence of cumulants of u t is 4r < ν. Given the parameter values, we can estimate them by the sample fourth moments, using a simulated random variables of u t .
A.3 Derivation of MMSLE of h
As in Harvey (1998) , we assume the Gaussian distribution for u t to derive the MMSLE of h intuitively. Under the Gaussian assumption, the conditional distribution of
where b 2 is defined by (15) and
Consider the decomposition of the autoregressive terms in (16) as:
By definition, the autocovariance function of s t is given by:
which depends on (t, t ). In vector form, given y † 0 , we obtain:
where Σ s is the covariance matrix of s = (s 1 , . . . , s n ) , Note: C abcd denotes the fourth cumulants of (ua,t, u b,t , uc,t, u d,t ) with Ùt = (et, ζt, ξt) . 
